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The propagation of light beams is well described using the paraxial approximation, where field
components along the propagation direction are usually neglected. For strongly inhomogeneous or
shaped light fields, however, this approximation may fail, leading to intriguing variations of the
light-matter interaction. This is the case of twisted light having opposite orbital and spin angular
momenta. We compare experimental data for the excitation of a quadrupole transition in a single
trapped 40Ca+ ion by Schmiegelow et al, Nat. Comm. 7, 12998 (2016), with a complete model
where longitudinal components of the electric field are taken into account. Our model matches the
experimental data and excludes by 11 standard deviations the approximation of complete transverse
field. This demonstrates the importance of all field components in the interaction of twisted light
with matter.
The full vector character of the electromagnetic field is
responsible for a variety of basic physical processes, such
as those occurring in near-field optics and the propaga-
tion of focused beams close to the diffraction limit [1, 2].
Moreover, electromagnetic fields with components in all
possible directions play a special role in applied sci-
ence. For example, the sub-diffraction-limited focusing
of radially polarized beams producing strong longitudi-
nal fields [3] can be used to improve material process-
ing [4, 5]. Also, longitudinal fields have seen applica-
tion in Raman spectroscopy [6], optical tweezers [7], and
have been used to observe circular dichroism in non-chiral
nanostructures [8].
Light carrying orbital angular momentum, known also
as twisted light (TL) or optical vortices, has introduced
us to a new realm of structured light [9–13]. An unusual
property of TL has to do with the relative orientation
of the photon’s angular momenta. When the orbital and
spin angular momenta are antiparallel to each other, lon-
gitudinal field components become important. As a re-
sult, the light-matter interaction is different for parallel
or anti-parallel momenta beams. This has been suggested
in several theoretical articles dealing with tightly-focused
TL [14, 15] and TL-related beams [16–20]. Longitudinal
fields in structured beams promise new applications, such
as the control of the spin state of electrons or impurities
in quantum dots [14, 21], and the excitation of intersub-
band [22] transitions in quantum wells [23].
For propagating fields that are not tightly focused the
complexity of the full vector model can be reduced, still
retaining an excellent description of the physics under
consideration. In the paraxial approximation [24] one
assumes that the transverse profile changes slowly along
the propagation direction, here z. To lowest order in
the ratio of wavelength to beam waist the electric and
magnetic fields have no longitudinal component [25, 26].
Although very common, such a strong assumption is not
always correct. Theory shows that Laguerre-Gaussian
(LG) beams, the paradigmatic paraxial TL, has a non-
negligible longitudinal component when spin and orbital
angular momenta are opposite to each other [25, 27].
In this article we show that the correct description of
the light-matter interaction between a single ion and a
paraxial LG beam requires the inclusion of the longitu-
dinal electric-field component, when the beam is in the
antiparallel momenta configuration. Thus, longitudinal
field components do matter even in the paraxial approx-
imation, and may lead to unexpected applications, for
example to chiral quantum optics [28, 29].
Before engaging in the light-matter model and com-
parison with experiments, we briefly discuss Laguerre-
Gaussian modes. These modes are solutions of the parax-
ial wave equation in cylindrical coordinates {r, φ, z},
and are perhaps the most studied of all optical-vortex
beams, for they can be easily produced from conven-
tional laser beams using computer generated holograms,
cylindrical lenses, Q-plates, etc. [30]. The starting
point for the derivation of the electromagnetic field is
a transverse Lorentz-gauge vector potential A(r, t) =
A0u(r) exp(−iωt + ikz) + c.c. , with polarization  =
xxˆ + y yˆ and mode u(r) constructed from a combina-
tion of a generalized Laguerre polynomial, a Gaussian
function, a polynomial and a phase factor [30, 31]. Us-
ing the Lorenz condition, a scalar potential can be de-
duced. From vector and scalar potentials, the electric
and magnetic fields are calculated. In problems involv-
ing the interaction with small objects which are centered
with respect to the beam axis, the full lateral spatial ex-
tend of the beam is irrelevant, and one can simplify the
beam’s profile without significant lost of precision. This
is the case for the experiment here discussed [32]. The
positive part of the electric field of a circularly polarized
LG beam close to the phase singularity at r = 0 is thus
E(+)(r) =
E0√
2
{(xˆ+ iσyˆ)u(r)
+
i
k
[∂xu(r) + ∂yu(r)]zˆ
}
eikz (1)
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2with: u(r) =
√
2
|`|+1√
pi | ` |!w|`|+10
(x2 + y2)
|`|
2 ei` arctan(y/x) .
Here E(r, t) = E(+)(r)e−iωt + c.c., σ is the spin index
or handness of circular polarization, w0 is the waist, k
is the wave number in the longitudinal direction, and
the integer ` is the orbital angular momentum index. In
cylindrical coordinates {r, ϕ, z} the resulting field can be
conveniently separated into transverse E(+)⊥ (r) and lon-
gitudinal E(+)z (r) components. One obtains
E
(+)
⊥ (r) = (xˆ+ iσyˆ)
E0√
pi |` |!w0
(√
2
w0
r
)|`|
×ei`ϕeikz (2a)
E(+)z (r) = −izˆ (`σ − |` |) (1− δ`,0)
E0√
pi |` |!w0
√
2
w0k
×
(√
2
w0
r
)|`|−1
ei(`+σ)ϕeikz, (2b)
Here one can directly see that the longitudinal compo-
nent is only present when spin and orbital angular mo-
menta are counter rotating, i. e. for (`σ − |` |) = −2 | ` |.
In this situation is in fact crucial to take into account the
longitudinal field to accurately describe quantitatively
the atom-photon interaction. Also clear is that E(+)z (r)
is of higher order in the paraxial parameter 1/(w0k).
Intriguing features of light fields can be sensed by mat-
ter, especially by atoms. Thus an accurate theory of
light-matter interaction which considers the full vector
properties of the beam is needed. In particular we con-
sider the interaction of such light fields with a single atom
which is well localized with respect to the beam size. We
will consider ions or atoms cooled below they Lamb-Dicke
limit so it is well justified to neglect linear momentum
transfer to the atom’s center of mass.
The light-matter interaction for beams with | ` |= 0, 1
is dominated by the electric field. In the Poincaré gauge,
the interaction Hamiltonian results from the scalar po-
tential U(r, t) = − ∫ 1
0
r·E(ur, t)du [33], where the explicit
expressions for the electric field Eqs. (2a)-(2b) are used.
Transforming to spherical coordinates {ρ, ϕ, θ} and sep-
arating the interaction Hamiltonian HI = qU(r, t) into
in-plane and z sections result in the following. For ` = 0:
H
(+)
I⊥ = −αρ sin(θ)eiσϕ
∫ 1
0
u eikuρ cos(θ)du (3a)
H
(+)
Iz = 0 , (3b)
where α =
√
2/piqE0/w
2
0, with q = −|qe| the electric
charge. For ` = ±1:
H
(+)
I⊥ = −αρ2 sin2(θ)ei(|`|/`+σ)ϕ
∫ 1
0
u eikuρ cos(θ)du (4a)
H
(+)
Iz = −iδ`,−σαρ cos(θ)
2
k
∫ 1
0
eikuρ cos(θ)du . (4b)
The oscillating time dependence appears in HI =
H
(+)
I e
−iωt + c.c.. The positive part of HI is sufficient
to calculate transition matrix elements in the rotating
wave approximation [34].
In the experiment a LG beam with wavelength near
λ = 729 nm was focused to w0 = 2.7 µm. This focus size
is well above the optical diffraction limit. A single ion
was laser-cooled to a wavepacket position uncertainty of
∆r = 60 nm, positioned at the center of the vortex field
and the quadrupole S1/2 to D5/2 transition was excited.
As is usual, due to the small size of the atom with re-
spect to the wavelength of the exciting laser, a Taylor ap-
proximation of exp[ikuρ cos(θ)] is justified. However, the
expansion has to be treated differently for the in-plane
and z sections of the interaction. We will be concen-
trating on quadrupole transitions where the initial and
final state have the same parity. This causes the tran-
sition matrix elements to vanish at lowest order in the
coordinates. The matrix elements governing these tran-
sitions are thus those with quadratic dependence on the
coordinates.
When ` = 0 the transitions allowed by angular momen-
tum selection rules are those with a change in projection
of angular momentum in the z direction: ∆m = ±1.
In Fig. 1a these are labelled {b, d} and {g, i}. These
transitions are governed by Eq. 3a. The zero order
term in the expansion of the exponential yields a Hamil-
tonian linear in the coordinates, and vanishes for the
quadrupole transition. The transition is thus medi-
ated by the following term in the expansion: H(+)I⊥ '
−i(αkρ2/3) sin(θ) cos(θ)eiσϕ.
In the case ` = ±1, in-plane and/or longitudinal in-
teractions may induce the transitions with no change
or a change of two units of angular momentum of the
ion (∆m = 0,±2) depending on the signs of the polar-
ization (σ) and the sense of rotation of the LG beam
(the sign of `). These transitions are labelled {a, c, e}
and {f, h, j} in Fig. 1a. Following the same reason-
ing as before, we must consider the first-order term
exp[ikuρ cos(θ)] ' ikuρ cos(θ) for transitions induced
by HIz, but it suffices to consider the zero-order term
exp[ikuρ cos(θ)] ' 1 for HI⊥.
It is worth noting that even though different approx-
imations to exp[ikuρ cos(θ)] were used, both interaction
terms H(+)I⊥ and H
(+)
Iz are of the same magnitude, a fact
that will become evident when the numerical evaluations
are performed. Moreover, the ratio of these two compo-
nents does not depend on the focus size.
3FIG. 1. a) Energy levels for the Zeeman split 40Ca+ quadrupole S1/2-D5/2 transition. The transitions are labeled from a to
j and shown in different colors indicating the photon orbital angular momentum content. Note that there are two different
configurations to drive the ∆m = 0 transitions, either with `=+1 or -1. b) Relative transition strengths expressed as ratios
of Rabi frequencies Ω for different transition. Data for the `=1 transitions (light-blue) and for the `=-1 (dark-purple) are
plotted together with theory predictions. Dark orange bars show the prediction with the model presented in this paper where
longitudinal fields are take into account. Light orange bars show the prediction where the longitudinal field is neglected. c)
Normalization is done to a chosen transition Ωa and to account for the difference in interaction strength between transitions
driven with Gaussian or vortex beams with Ωnorm = Ωa(δ|`|,1 + δ`,0kw0). All measured transition strengths and predictions
are labeled as in a).
We contrast out theory with recently measured inter-
action strengths of different quadrupole transitions of a
single trapped Calcium ion induced by LG beams, as re-
ported in Ref. [32]. In particular we concentrate on the
experiments where the trapped ion is illuminated by on-
center [35] LG beams with different polarizations. The
LG beam is tuned to the different magnetic sublevels of
the 4S1/2 − 3D5/2 transition which are Zeeman-split by
a static magnetic field in the z direction (see Fig. 1a).
Transitions with different change in atom angular mo-
mentum ∆m = −2,−1, 0, 1, 2 were excited with all com-
binations of spin and orbital angular momentum of the
beam mp = σ + `. Here, we restrict to the cases where
the total angular momentum of the photon matches the
change of angular momentum of the atom ∆m = mp.
The experiments determined the strength of each transi-
tion by measuring the frequency of its Rabi oscillations by
state-dependent fluorescence [36]. The Rabi frequencies
are proportional to the matrix element of the transition.
To complete the evaluation of matrix elements and
comparison with experimental data we follow this al-
gebraic manipulations [37]: we i) rewrite the inter-
actions in terms of products of spherical tensors us-
ing sin(θ) exp(±iϕ) = ∓√8pi/3T (1)±1 and cos(θ) =√
4pi/3T
(1)
0 ; ii) convert products of lower-rank tensors
{T (k1)q1 , T (k2)q2 } into sums of single higher-rank tensors
T
(k)
q times Clebsch-Gordan coefficients with T
(k1)
q1 T
(k2)
q2 =∑
kq T
(k)
q (kq|k1k2q1q2); iii) regroup interaction terms by
orbital and spin angular momentum HI(`, σ); iv) use
the Wigner-Eckart theorem to calculate matrix elements
〈3D5/2,mj′ |HI(`, σ) |4S1/2,mj〉 (with and without HIz)
and their ratios.
To exemplify the previous procedure we outline the
particular case of transitions c and e. These are
driven by a field with ` = 1, with σ = −1
and σ = 1, with corresponding matrix elements
Mc = 〈3D5/2,−1/2|HI(1,−1) |4S1/2,−1/2〉 and Me =
〈3D5/2, 3/2|HI(1, 1) |4S1/2,−1/2〉. Steps i)-iii) above
lead to
HI(1, 1) = −4pi
3
αρ2 T
(2)
+2 (5a)
HI(1,−1) = 4pi
3
αρ2
[
nT
(2)
0√
6
− T
(1)
0√
2
]
, (5b)
where we introduced the integer n to encopass both cases
in one formula: n = 3 for the full Hamiltonian H(+)I =
H
(+)
I⊥ + H
(+)
Iz and n = 1 for the case where we omit the
logitudinal field H(+)I = H
(+)
I⊥ . The Wigner-Eckart the-
orem requires the calculation of Clebsch-Gordan coeffi-
cients, coupling tensor indices (k, q), initial-state indices
(J,mj) and final-state indices (J ′,mj′). In our case, these
4Clebsch-Gordan coefficients are nonzero only for tensors
of rank k = 2. Moreover, given that all matrix ele-
ments share the same initial and final radial and total
angular momentum quantum numbers, the reduced ma-
trix element is the same for all Mγ . Then, the ratio of
matrix elements depend on both, the specific prefactors
arising from the decomposition of tensor products and
the Clebsch-Gordan coefficients arising from the Wigner-
Eckart theorem. The predictions for the ratios without
and with Ez are
case Ez = 0 :
∣∣∣∣McMe
∣∣∣∣ = 1√2 ' 0.707 (6)
case Ez 6= 0 :
∣∣∣∣McMe
∣∣∣∣ = 3√2 ' 2.123 . (7)
These are to be compared to the ratio of power-
normalized Rabi frequencies Ωγ ∝ Mγ . The experimen-
tal value for the ratio Ωc/Ωe = 2.21 ± 0.13, see Fig. 1b.
This matches the theory that includes the excitation by
the longitudinal field component, but is off from the the-
ory with Ez = 0 by more than 11 standard deviations.
In this spirit, we calculate all other matrix elements
and compare them to the experimental data for transi-
tions induced by opposite polarizations with the same
LG beam, either with ` = 1 (light-blue) or ` = −1 (dark-
purple), and for the two possible initial states, see Fig. 1b.
Together with the data, we plot the predictions with and
without the longitudinal field. We see that the results
match the theory with the full vector field. The incom-
plete theory is off in all cases by more than 11 standard
deviations.
The interaction of matter with strong inhomogeneous
fields shows complex features and exposes new physics.
Our results on the interaction of Laguerre-Gaussian
modes with single ions demonstrate that an extremely
good quantitative match between predictions and mea-
surements is achieved only if an improved version of the
paraxial approximation is used, where the longitudinal
field is taken into account. In contrast, a theory that
lacks the longitudinal component misses the experimen-
tal values for up to 11 standard deviations.
The relative contributions to the interaction strength
of the longitudinal and transverse components in a beam
with ` = 1 does not depend on the beam waist w0, it is
only determined by the relative sense of spin and orbital
angular momenta.
Longitudinal fields are important in quantum optics
setups, such as trapped ions, but also well beyond as
for instance for neutral atoms, molecules and quantum
dots. Our finding of the significance of longitudinal fields
may pave new ways to manipulate matter for spintron-
ics, nanophotonics and quantum information. But be-
sides possible new uses, countless applications thought
to be implemented by more technically-demanding tools
of near-field optics or tight focusing may become ad-
dressable by simple beams of twisted light. One impor-
tant example is the chiral light-matter interaction from
the longitudinal component of light propagating in sub-
wavelength waveguides to produce directional coupling in
nano-photonic chips [28]. In the future, we plan explor-
ing chiral coupling effects from free-propagating LG light
beams, specifically for the different platforms of trapped
ions or colloidal quantum dots.
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